MONOIDSs AND GROyps
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¢4, INTRODUCTION

In the present chapter, we introduce th

ond groups. The study of Cb’lglic sroups, normal groups, groyp homomorphi
anding various applications of computer cpi

inderstanding puter science. Groups play an ; ‘

coding theory. play an important role in

- , . .
concept of algebraic system, binary operations

3.2, ALGEBRAIC STRUCTURE

If there exists a system such that it consists of
tions on that set, then that system is called an algebraic system. It is generally denoted bv
(A, 0p;, ODgy -~ op,), where A is a non-empty set and OPy; 0Dy, ..., Op, are operations on A.

An algebraic system is also called an algebraic structure because the operations on
the set A define a structure on the elements of A.

a non-empty set and one or more opera-

8.3. BINARY OPERATION

Consider a non-empty set A and a function f such that F:AXA— A then fiscalled a
binary operation on A whose domain is the set of ordered pairs of elements of A. If  is a binary
operation on A, then it may be written as a * b.

A binary operation can be denoted by any of the symbols +, —, *, ®, A, g, v, A etc.
The val

Operands,
e'g g

ue of the binary operation is denoted by placing the operator between the two

() The operation of addition is a binary operation on the set of natural numbers.

(
of subt

0 two

(

Set g L ") The Operation of multiplication is a binary operation on the set of natural numbers,
i
_n °gers and set of complex numbers.

(i

X ' i ] i f a universal
%t §i ) The Operation of set union is a binary operation on the set of subsets 0

) . 3 bsets of a
Universalaﬂy’ the operation of set intersection is a binary operation on the set of su
Set,

%) The operation of subtraction is a binary operation on set of integers. But, the operat}on
raction is not g binary operation on the set of natural numbers because the subtraction
hatural numpers may or may not be a natural number.
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8.4. TABLES OF OPERATION

: ant A = {d. Oq Qo .. @) A hinare
lor a non-empty finite set A =1y, Gy Ty n! MATY Operyy,

Consrd Jhow hedow 0on b o i
tosepibod by means of table as shown Deiett: Ao
deseribed D A
- ‘ o f ‘,‘

; " | [
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N I TN I

. ”l ) )
1}10 empty cellin tlw trow .md L'V column represent the element (. 1,

'r ILLUSTRATIVE EXAMPLES

Example 1. Consider the set A = {1, 2, 3! and a binary operation * on the set A d‘fﬁne&-
a+ b= 2q + 2b. Represent operation * as a table on A. o
Sol. The table of operation is shown below: (Table 8.1)

Table 8.1
N s 1 2 3
1 4 6 8 .
D) 6 8 10 1
3 8 10 12

8.5. PROPERTIES OF BINARY OPERATIONS

There are many properties of the binary operations which are as follows : ,4 ;
- L Closure Property. Consider a non-empty set A and a binary operation # on A. Then
A1ls closed under the operation *, if @ * b € A, where @ and b are elements of A.

For example, the operation of addition on the set of integers is a closed operation. i.e, lf
a.bz Z. thena+beZVa be 7.

0
1

. I'EJ_(am.ple 2. Consider the set A = {~ 1, 0, 1}. Determine whether A is closed und€
(i) addition (it) multiplication. | 3

Sol. (i) The sum of the elements is (- D+ (-1)=-2and1+1=2 doesnot belong tOA.
Hence A is not closed under addition, i

(it) The multiplication of every two elements of the set are

~-1%0=0; ~1#1 = ] —-l—-1=1
O#-—1=0; 0%l =0, 0+x0=0
l#—-1=-1; 1#%0 = 0; Qi =l

Qg v 3 Yy f1 1 .
Since, each multiplication belongs to A hence A is closed under multiplication.
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onsider the set A =113, 5,7 —

E,\’ﬂmple 3. o ; S.(’A : ,I,]’ 3y 0, 1,8, L the sel of odd +ve integers
b A closed under (i) addition (ity multiplication, tegers. Determine

af 1 -
‘Iht! . Y > 1@ 2l T 'y ¢ Do @

Sol. (1) The set A 18 1101‘[.\05(,({ under addition because the addition of two «

ber which does not helong to A, wondd numbers

ap even num
duces a0 :

0 ” ne set A s closed under the operation multiplication becanse the multinlicat;
> . : e *4 b \ b !
dd pumbers produces an odd number. So, for every a, b e A, we have o « ; ‘Vl’\“'”'”’” !
wo o .t . g N oIt ' o T e
t ociative Property. Consider a non-cmipty set A and a binary operati \
3 ] a 11y operation © on A.

2. AsS : -
- e operation « on A is associative, if for every a, b, ¢, & A, we have (@ b) = ec=a» (b * ¢
1 - \ o= % (‘-)-

. . (a) Consider the binary ifirm s )
E\ample 4. (a) inary operation * on €, the set of rational numbers

a’t’ﬁ.'!'-’d by
axb=atb-abVa be Q.

Determine whether * is associative.

(b) Consider the binary operation  on the set N of positive integers defined by
axb=ab
Determine whether * is associative?
Sol. (a) Let us assume some elements a, b, c € Q. then by definition
(a$b)*c=(a+b—ab) «c=(a+b-ab)+c—(a+b-ab
=a+b—ab+c~ca—bc+abc=a+b+c—ab—ac—bc+abc.

Qimilarly, we have

a * (b*c)=a+b+c—ab—ac—bc+abc
Therefore. (a*b)*c=a¥ (b * ).
Hence * is associative.

(b) * will be associative if
ax(brc)y=(a*b)*cVa b,ce N

Take a=2, b=2, c¢=3and consider

a:;:(ba':c)=2=zc(2::<3)=2=i=23=2*8=28=256
and (@#b)* c=(2%2) #9=92x3=4%3=4=64
Hence ax(b#c)#(@*b)*c

* is non-associative.
™ 3. Commutative Property. Considera non-empty set Aand a binary operation * on A.
en the 0peration . A i COHIHIUtativea l{‘ fOI’ every da, b € A, we have a ¥ b= b * a.
Example 5. () Consider the binary operation = on Q, the set of rational numbers, defined
. a:;:b:(1,2+b2\'/(1,b€(\)~
elermine whether * is commutative.

fol] -(b) Consider S = {a, b, ¢, d} and * be a binary operation o
OLUlng table, s Uy G By

i
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Table H‘)_‘ _ i
r_f,m ,,.“‘ T ~-—--»(7~ - h . " B ’I e ——— k.
_,._w..,..;;.« B ,',‘ B b ¢ d B
h (‘ a a h
¢ ¢ b a a
d d _....’_’__.h - __“___(_'___“ | a

Determine (1) whether * 18 associative ?
(i) whether + 1s com mutative?
Sol. (a) Let us assume some elements a. b € Q, then by definition

asab:02+b2=b2+a2=b*a

Hence * is commutative.
(b) (i) Let a. b, c € S and consider
bx(cxc)=b*a=b
and (bsc)*c=a*c=c
= bx(cxc)z(b*c)*c
Thus, * is non-associative
(@)bsc=aandc*b=0b
= bxcxcxb
* 1s non-commutative

Example 6. Consider the binary operation * and @, the set of rational numbers deﬁ

b 5
a*b=% Va be Q.

Determine whether * is (i) associative (it) commutative.
Sol. (1) Let a, b € Q, then we have

Hence * is commutative.
(i7) Let @, b, ¢ € Q, then by definition we have

abc
. _[ab _ 92" _abc
(a-b)*c-(z)*c— 5
abe
Similarly, ax(b*c)=a* (?23) =% =“Tb°’
Therefore, ax(b*c)=ax(b*c)

Hence, * is associative.
. 4. Iden_tity. Consider a non-empty set A and a binary operation * on A. Then the ':1
tion # has an identity property if there exists an element, e, in A such that G
a * e (right identity) = e * a(left identity) =a V a € A.
Theorem I. Prove that e, = e," where e, is a right identity and e,” is a left ide
binary operation.
Proof. We know that e,” is a right identity.

r7” { . ”
Hence, e," e’ =¢

ntity of
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we
Al50" ; )
g e b nave e,/ =¢,” (2)
Jent g), we have &y 1 -
! uw“ 8 ¢ o is a right identity of
R o) Q NI 3 I3 3 .
o can S that il ¢ 15 a 11§ it identity of a binary operation, then e is also a left
4,118 we ' o i i
Tht
At  Jer the binary operation *on I, the s fep
e . 7. Consie ert : 1, the set of positive inlegers defined by
cqm - 2
fxal : .
. the identity for the binary operation *, if exists.

at e be a +ve integer number, then

BE
o Let us assume th

sol- exa=a,a€l,
P=qg = e=2

) = o= (1)
ke =

gmilarly: are e Y
ae
—=q or e = 2 ...(2)

Form(l)and(z) fore =2, we haveexa=a=e=d

Therefore, 2 18 the identity element for *.

sider a non-empty set A and a binary
ty if for each a € A, there exists an e
where b is called an inverse of a.

n # on A. Then the

5. Inverse. Con operation * on A. Then operation
s the inverse Proper lement b in A such that
a* b (right inverse) =
6. Idempotent. Consider a n
peration * has the idempotent property,

axa=a¥ a€ A,

b * a (left inverse) = e,
on-empty set A and a binary operatio
if for each a@ € A, we have

t A and two binary operations * and +on A.
ya, b, cE€ A, we have
[Left distributivity]

[Right distributivity]

| 7. Distributivity. Consider a non-empty se
. Thenthe operation * distributes over +, if for ever.

a*(b-{-c):(a*b)'i‘(a*C)
and (b+c)*a,=(b*a)+(c*a)

ereratis‘st;ncjlncellation. Consider a non-empty set A an
* has the cancellation property, if for every @,

axb=a*xc = b=c

d a binary operation * on A. Then the
b, c € A, we have
[Left cancellation]

ang
[Right cancellation]

’ bxa=c+xra = b=c
0. SEMI
GROUpP (P.T.U. B.Tech. Dec. 2009,

where * 1s a binary operation on A. Then,
he following properties :

May 2008)

th Let us

-
®8Ysten, onsider, an algebraic system (A, ),

(A, %) is cn:
- ihe Op) . §a1d to be a semi-group if it satisfies t
- The Opzrat%on *is a closed operation on set A.
: ration * is an associative operation.
g, “Xmp] _
( le e 8. Consider an algebraic system (4, %), where A= 1,3, 5, 7,9, A Lthe set ofall
Itiplication. Determine whether

) int
ls egers . . .
d Csem; and * is a binary operation means mu

e
mt-grOup.
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rty. The operation # is a closed operation hec
odd number.
he operation * is an associative oper

Sol. Closure prope
two -tve odd integers is a tve
Agsociative property. T
every a, b. c€ A, we have
(@xb)*c=aw (b *c)
ystem (A, ¥) is a semi-group.

ause muyls: 58
ultlm.
lcat

o S

atlon gp set A g
"Olhgg p

Hence, the algebraic s

Example 9. Consider the algebraic system ({0, 1}, %), where * is 4 my lip
tion. Determine whether (10, 11, ) Is @ semi-group.
Sol. Closure property. The operation * is a closed operation on the g
0%0=0;0x1=0;1%0=0;1*1=1
ve property. The operation * is associative since we have

liCatiOno |

ven set Sineg

Associati
(a*b)*c=a*(b*c)Va, b, ¢

Since, the algebraic system 18 closed and associative. Hence, it is a semi-group

Example 10. Let Sbe a semi-group with an identity element eand if band b ¢
inverse are unique, if they exist. 1

of ar element a € S, then b=0bie.,
Sol. Given b is an inverse of a, therefore, we have
axb=e=bxa
Also, b” is an inverse of a, therefore, we have
axb’'=e=b*a
Consider bi#(@xb)=b*xe=0>
(bia)=b =exb =b
Now, S is a semi-group, associativity holds in S i.e., b * (a * b") = (b= a) # V/
= b="b" | Using (1) and @)
Example 11. Let N be the set of positive integers and let * be the binary operatio g
least common multiple (L.C.M) on N. Find
(@) 46, 3%59%18 1+%6
(h) Is (N, *) a semi-group
(¢) Is N commutative
(d) Find the identity element of N
(e) Which elemenlts of N have inverses ¢
Sol. (@) Let x,y€ Nandx*y = L.C.M. of x and y
4+6=1.CM. of 4and6=12
3x5=LCM. of 3and5=15
9:18=L.CM. of 9and 18=18
1#6=LCM. of 1land6=6
(b) We know that the operation of L.C.M. is associative,
ax(rc)=(a*b)=c VabceN

i C

and

i.e.,

N is a semi-group under *.

(c) Also fora, b € N,

g+b=LCM.ofaand b=LCM.ofb anda=b*a

N is commutative also.
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1+ 1=LCM.ofaand 1 =a

- N. consider ¢
ik = ]
] A l:.(f.I\’]. ()f ] ;”l(l a=ada

(@
‘,\]50- agrl=a=1*a
the idont.ity clvn:e}\l;‘of I? . | |
5. ) ‘,nnsidi‘l' axb - 1., e -'-M- Uf(l. and bis 1, which 1s possthle iff o -
R’ ¥ plt’“"'m w]nnb nas an inverse is 1T and it is its own inverse = Jand h=1.
e e )le 12. Consider the set Q of rational numbers and let + I. .
E—\"““‘, b=at b - ab et « be the operation on ()
e e 1
o Fnd S gx 91"
& 15 (@ ) @ S(’Illi:gl‘?llp ¢
(cl) @ commutative 2
D Find the ;denlity element of Q.
© Which elements of @ have inverses and what are they ?
SO],Givena* _g+b—abfora,beQ
@ 3%4=3+4-12=-5
2*(—5)=2+(~5)'—(—10)=2—5+10=7
I 17
!"""2‘— /+’§"§=4.

will be @ semi-group if it holds associativity under * fora, b, ce Q.

*c)=a==<(b+c—bc)
=a+(b+c—bc)—a(b+c*bc)
be — ab — ac + abe =40

() Q

Consider a* (b

=qgt+b+tc—
Also, (a*b)*c=(a+b—-ab)*c
=a+b—ab+c—(a+b—ab)c
=a+b+c~ab—ac—bc+abc
=a+b+c—bc—ab—ac+abc (2)
From (1) and (2),

ax(bra=(@rb)re
Hence, (Q, *) is a semi-group-
()Fora, be Q
Consider
a*b=a+b—ab=b+a—-ba=b*a

(d Q is commutative.
) Let ¢ is the identity element of @, th

erefore, for @ € Q, we have

- a*e=a
= ate—ae=a
= e—ea=0
< e(l—a)=0
The idon e=0ifa#1
entity of Q is 0.
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(@) If x is the inverse of g € Q,thena* y=0 (identity)

= atax-—-ax=I(
= ata(l ~a)=0
= a=x(a-1)
a
= X8 e g9 ]
a-1

. a
Thus a has an inverse e |
a-—1

Example 13, Consider a non-empty set S with the operation ¢ + p, _
(@) Is the operation associative ? e
() Is the operation commutative ?

(©) Show that the right cancellation law holds.

(@) Does the left cancellation law hold ?

Sol. (a) Fora, b, ¢ ¢ S,

Consider
a*(b*xc)=a*xb=¢q

and (@xb)*c=c*xa=gq
* IS associative.
(b) Fora#be S,

Consider
a*b=a and b*ag=p

= a*bzbxq
* 1s not commutative,

(¢) Fora, b, ce Q,

Consider

a*c=bx*c
= a=b | Using given a *h=a
Right cancellation laws hold. ’
(d) The left cancellation law does not hold. For example, suppose b # ¢, then
a*b=ax*c

= b=c, acontradiction

Hence, the result.

. Lyxe=Cc%0a ’,?fl’f’l
Example 14. Let (A, *) be semi-group. Show that for a, b, cin4, ifasc=¢
b*c=c#b, then(a*b)*c=cx(a*b) i

Sol. Take L.H.S., we have . associativd
(aa}.b)*c:a*(b*c) [-[.lsb*c=c
- (c)* z) [ *Is associative
= (q * ¢) * ' %¢=0
. [ axeZ ;
=c*a)*b [+ * is aSSOCla"
=c* (a* b)

Hence, (@*b)*c=c*(ax*b).
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P.T.U. B.Tech., Dec. ’ 5
8.12. MONOID (

' ' 1 tion on A, Then s
: Gt A, 0), where o is a binary opera -
s consider an algebraic system (A, | . . ﬁ
1‘emL eAti u(:) (;(sn;aid ::o be a monoid if it satisfies the following properties.
syst A, :
‘ (1) The operation o is a closed operation on‘set A.
(i1) The operation ¢ is an associative operation. .
1 i ity el nt w.r.t. the operation o.
(i) There exists an 1dentity eleme .
Examples. (N, x), (Z, +), (Q, +) are monoids

v
>

Example 29. Consider an algebraic system (I, +), where the set [ =
set of natural numbers tncludi

ng zero and +is an addition operation. Determi
s @ monoid.

@+b)+c=q+

Identity. There exists an i ]

1s an identity element w.r.t. the o

- system (I, +) ig g monoid.
F(s) be the co ]

mposition, of functions, Show that F(s)

Sol. Let g he F(s), then we know

fo(goh) = (fog)oh v f 8, h € F(s). Hence, F(s)
1S an 1dentify element of F(s),

F(s) is a monoid.
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——DISCReyg
(i) The operation * is a closed operation.

(fi) The operation * is an associative operation.

(i7)) There exists an identity element w.r.t. the operation «,

(iv) For every a € G, there exists an element a Ve (i such that a

For example, the algebraic system (I, +), where Tig the sot of all iy Q(l s fr‘l\-
addition operation, is a group. The element 0 is the identity elemeny, N tegap, ”“'l;
The inverse of every elementa € lis—~a e I ‘Pt the r’l“-‘rat" ]

Examples (1) The sets (Q, +) (R, +) and (G, +) are groups unday addit;
i . % , e 10n
(i) The sets R* (set of non-zero reals), Q* (set of non-zero rationalg) ,

Y . . an 14
zero complex numbers) are groups under multiplication. d G

et of

ILLUSTRATIVE EXAMPLES

Example 1. Determine whether the algebraic system (€, +) is a groy, » wh b
of all rational numbers and + is an addition operation. e
~ Sol. Closure Property. The set Q is closed under operation +, since the ddie: J
rational numbers is a rational number. additign
Associative Property. The operation + is associative, since (¢ + b)+e=gq j
b ce Q. * (b+ )i
Identity. The element 0 is the identity element. Hence a + 0=0+¢4=y A ’,
Inverse. The inverse of every element a € Q is — a € Q. Hence the invergs of o
element exists. i
Since, the algebraic system (Q, +) satisfies all the properties of a group, henge @ -
a group. g
Example 2. Which of the following are groups under addition N, Z, Q,R, C?
Sol. The set of integers Z, the set of rationals Q, the set of reals R, the se. of comple
numbers C, are all groups under addition. (Prove yourself as in Example-1) e
But N, the set of natural numbers donot form a group under addition. Since, N doesng

have additive identity. (0 € N). _
Example 3. Let S be the set of n X n with rational entries under the operation of matri

multiplication. Is S a group ? |
Sol. We know that matrix multiplication is associative. But inverse does not
exist. As we know that if | A | #0, then A~! exists. ]
Example 4. Prove that G ={1, 2, 8, 4, 5, 6} is a finite abelian group of order 6 un
multiplication modulo 7. (P.T.U. B.Tech. May 2010, ;@.L":‘
Sol. G={1, 2, 3,4, 5,6, %}
Consider the muitiplication modulo 7 table as shown below (Table 8.5). Rece 11'“

a X, b = The remainder when ab is divided by 7 I
X, i 2 3 4 5 ____,_.t.)/
1 1 2 3 4 5 5
2 2 4 6 1 3 Z i
3 3 6 2 5 1 .
4 4 1 5 2 6 ;
5 5 3 1 6 4 g

6 6 5 4 3 | 2 1 —3
— A Table 8.5
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. . L —
pserve that each element inside the table is also

an e '
X nder multiplication modulo 7. lement of (5, Tt

() = (a%, b) X, c i.ce., associative law hold.,

» that ”1L first row ingide the tat
ve ()bHOIV( 1¢ table is identical '
'Ih‘f'l ofore, 1 is the identity (multiplicative) of (4, al with the

\0(10 09X 4':"1 ;X 5—] 4X72_- 1, : 7.‘;__]"())&7(’:1
\ Al . L e
o (0 b glelﬂcnt G has an inverse, l.e.,
eal A

o 19 5 4 and of 418 2

fover [3is® and of 518 3

[aver :

P eof618 ooy it

avers -(‘3 o group uander the multiplication modulo 7.

e, (118 . , ,
Hen¢ Ie 5. Constder an algebraic system (Q, *),where Q is the set of rational numbers
a;l:ary ope ration defined by

axb=a+b-abVabe Q.

Determine whether (@, *) is a group.
ol. Closure property. Since the element a * b € Q for every a, b € Q, hence, the set

i« dosed under the operation *.
roperty. Let us assume a, b, c € Q, then we have

(a*b)*c—(a+b ab) * ¢
=(@+b—ab)+c—(a+b-ab)
=a+b—ab+c—ac—bc+abc
=ag+b+c—ab—ac—bc+abc

Similarly, - a*(b*c):a+b+c—ab—ac—bc+abc.
Therefore, (@xb)*c=ax*(b*c)

", *is assoclative.

Agsociative P

ldentity. Let e is an identity element. Then we havea*e=aV a€ Q
ate—ae=a or e—ae=0
e(l1-a)=0 or e=0,ifl1-a=0
Similarly, for exa=aVaec Q, wehavee=0
Therefore, fore=0,wehavea*e=e*a=a
Thus, 0 is the identity element.
Inverge, ot us assume an element a € Q. Let a~! is an inverse of a. Then we B¢

or

a*g1=0 [Identity]
i @ttal-agl=0
a'(l-g)=—-q or al= 2 a=1
N a-1
ow, _@_
Th E Qs f a1
ere fore, every element h . h that o # 1. )
Emup % the alggy, nt has inverse such that a oup. Hence, (Q,*)isa
gebraic system (Q, *) satisfy all the properties of a group-
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Theorem III. Show that the identity element inagroup is unique,

Proof. Let us assume that there exists two identity elements i, , ind
> and o

" . . . . F JOC e
Since, e € G and ¢’ is an identity. We have e’e =ec:=¢ of G 48
. . . p 7 w5 ks
Also, ¢’ € G and e is an identity. We have e’e =ce- =¢
o e=¢
Hence, identity in a group is unique.

Theorem IV. Show that inverse of an element ain a group G is unijgqy,
Proof. Let us assume that a € G be an element. Also, assume that 4, and o ‘
2  he|

A
W,
s i

e~

inverse elements of a. Then we have,
~lg=ga,~" = =lg=gusl=
a, la=aa;"'=e and a, 'a=aa, '=e¢ 4
~1=, 1

r -1 = -1 —_ -1 -1 — -1 -1 -

Now, a " l=a e=q (aa,™ ") (a,” ' a)a, ea, =g,
Thus, the inverse of an element is unique. Er
Theorem V. Show that (@ 1)~ =a forallae G, where Gis agroup and a-!js 4y, -

',.

of a.
Proof. Given that a~!is an inverse of a. Then, we have \‘
aa-l=ala=e A
This implies that a is also an inverse of a~ 1 Therefore (a 1)1 =a. i
Theorem VI. Show that (ab)~!=b"1a ! foralla, be G. |
Proof. We have to prove that ab is inverse of b1 a~!. We prove
@b)(-la )= ta Hab)=e
Consider (@)~ 'a 1) =[(@b) b~ a ! = [a(bb~h] a 1
=(@e)al=aal=e @
Similarly, (b~'a 1)(abd)=e
From (1) and (2), we have i
(ab) (bra)=e=(b"1al)ab Hence p
Theorem VII. Prove the left cancellation law in a group G holds i.e.,ab=ac =
Va b ceG.

Proof. Consider ab = ac. , B
Then, we have b=eb=(ala)b=a1(ab) =a ! (ac) [ ab’
=(@'la)c=e=c

Hence, ab=ac = b=c.

Theorem VIIL Prove the right cancellation law in a group G holds 1.¢., ba =
b=cVa bceG E
| Proof. Consider ba = ca.
Then, we have b =be = blaa~1) = (ba)a-! = (ca)a~? [ ba
=cl@a ) =ce=c | Assocl&t
Hence, ba=ca = b=e.

Scanned with CamScanner



242

en a is said to be of order nif nis a least Positya
lement of Gi.
.., one identity element and one

If G is a group under +, t;h
that na = ¢. Here e is the identity e

A group of order 2 has two elements? ’ Some othgy el
4
L w1 %) be a group of order 2. The table of operqiin,. g
Example 6. Let (fe, x}, *) be a grou] / [ operation ; ol

(Fig. 8.3).

ntegy, ¥

¥ | e x

e (4 X

X X e
I'ig. 8.3

The group of order 3 has three elements i.c., one identity element and tyy other glepgn

Example 7. Let (fe, v, y}, *) be a group of order 3. The table of operation js g,
(Fig. 8.4). i

* e x y
e e x 5y
X y e
e X

Fig. 8.4

Example 8. Consider an algebraic system ({0, 1}, +) where the operation +is g

a:‘:‘L(_V
shown in (Fig. 8.5). b

+ 0 1

1 1
Fig. 8.5

The system ({0, 1}, +) is a group. In this 0 is identity element and every element isits
own inverse.

Theorem XI. If G is a finite group of order n and a G, then there exists a positive
integer m such that a™ =e and m <n.

Proof. Consider the elements of the group G as a,a?, a3, ...a"!1, These are n+ 1 elements
Since | G | = n. Therefore two of its elements, say, a®, a? must be equal, i.e., a* =64
p<q.Takem=q-p .
am"=qdP = aP . qP

=a? (@P)l=qa. (a9)1

=e
Further, since p, q are among n + 1,
: l<p<g<n+1 = q—p=m=<n.

k.
8.18. SUBGROUP (P.T.U. B.Tech. May 2013, May 2007, M) #
iff it
Let us consider a group (G, *). Also, let S c G ; then (S, *) is called a subgroup |
satisfies following conditions : :
(i) The operation * is closed operation on S.

(if) The operation * 1s an associative operation.
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element belonged to G. It must belong to the : .
to (S, #). gtothesetSic, The identity

oan
eis 8 ¢ pelongs
1 also belongs to S.

 of (0 y element ae S, a

ot . avel) " aps
ff"lﬂl(,‘v) F(,IZLC Q7 s a gubgroup of Q under addition.
. , o (Y 1a ¢ 3
gince /,ph’ ot (G, ) be a group, where G is a set of all integers and (+) is an addition
qmpPtt . . - . - .
ar %a:n . y)isa subgroup of the group G, where H=1{2m :me G}, the set of all even
1€ :

Jet G be & group. Then the two subgroups of G are G and G, = {e}, e is the

. o Let +) be a group, y}here I is the set of all integers and (+) is an addition
ine whether the following subsets of G are subgroups of G.
Thé set (Gp T of all odd integers. (b) The set (G, +) of all positive integers.

G. of all odd integers is not a subgroup of G. It does not satisfy the

) The set oy O ) )
dition of two odd integers 1s always even.

ty, since ad
. property. The set G, 18 closed under the operation +, since addition of two

.(b) ors is always even.
. tive property. The operation + 18 associative since (@ +b) tc=a+ (b + ¢) for

jon.

t. Hence, 0 € G-

2 i .
he element 0 18 the identity elemen
a ¢ G,. Hence, the inverse of every

" dentity-
e of every element a € G, is —

In

Jement does not exists. )
Since the system (G,, +) does not satisfy all the conditions of a subgroup. Hence, (G, *)

i« pot a subgroup of @, +)-
Example 10. Consider the group Z of integers under addition. Let H be the subset of Z

ansisting of all multiples of a positive integer m i.e.,
H={...—-3m,— 2m, —m, 0, m, 2m, 3m, ...}
Show that H is a subgroup of Z.
Sol. Forr, s€ Z, rm, sm € .
. Consider rm+sm=(@+s)yme H
ie, Hisclosed under addition.
Y O.F"r s H, —rm e H and consider rm + (—rm)
Visthe identity of H and — rm is the inverse of rm.
IT{ence, H is a subgroup of Z.
(g'}‘;ze_r;‘ XI.I. A subset H of a group G is
(ii) Hisl lentzty elementec H
i) i, Zlosed under t.he same operation as in G
ke Gr-osed un.der inverses i.e., if a € H, then ale
def’niti(m (.' ven _G is a group and His a subset of G. Le
» (), (i), (iii) are true.
£ . We show the associativity

C0nv ’ . .
Ufelements (e)fr if' Let (i), (ii), (iii) hold. We show H is a subgroup 0

Let a, b

=(r—r)m=OeH

a subgroup of G iff

H.

t H is a subgroup of G, then, by

ince el’e:nee Gandsince Hc G ~.a,bce H
: Ssocia:ts of G are also elements of H
Vg b Othey ivity holds for H. Hence the Theorem:.
SH statement : A subset H of a group G is

h

a subgroup of Giff a * bl e H.
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@‘?l-?/o;em xvi-b o aceH
e Ha e ableH
LA
0 =B o albeH
Q) Ha, pH
@ﬂiﬂ
(‘ﬂ]‘IH’ I;Gt Ha=H.Ife€ H = eveHa=H
of @ H _
pro0 a€ | ea—a
2 Leta€ H. As H is a subgroup andhe Hyae H
convers’ haell | H is closed under multiplication.
2 HacH I
= ghe Hae H and since H is a subgroup of G, .. hale H (Theorem X)
Agailh (ha)aec Ha
2 h{o\a) e Ha = hee Ha
g heHa
~ "HcHa ..(2)

;rom (1) and (&) Ha = H

o) Let Ho = Hb and we show ab™' € H

Now @=eaE€ Ha '

= ac Ha=Hb

= ac Hb= a=hb,he H
= abl=(hb)b1= h(bb)=he=he H
= able H

Conversly, Let able H = abl'=h,he H

= a = hb
= _ Ha=Hhb=Hb | Forhe H Hh=H
(¢) Proceed yourself as in Part (b).
(d) Let h e H. Then,
H=Hh VheH | Using part (@)
= HcHHcCH
' HH =H.
U0 ABELIAN GROUP
SYStemLfé u:)_cons?der, an algebra}ic system (G, *), v_vhgre *1is a binary operation on G. Then the
additionaff is said to be an abelian group if it satisfies all the properties of the group plus an

operation * is commutative i.e.,
: FOT‘exa c?*b=b*aVa,beG
bsran itionmple' CO'nSlder an algebraic sysi-:em -+, _where Iis the set of all integers and +
Dertje ofa operation. The system (I, +) is an abelian group because it satisfies all the
group. Also the operation + is commutative for every a, b € 118

(
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;o ere G is the :
' lgebraic system (G, ), wh Setof aly ’lon-ze 5
Example 11. Consider an alg e ab Show that (G "rey
o . sfined by a ¥ 0= —-.00 na ' *) ig !
numbers and * is a binary operation defined 0, 4 an b
group.

. The set G is closed under the operation . Since, ¢, , be @b
Sol. Closure property:. ) >

o G. .
a real number, Hence, belongs ,tlf; 0101)1‘1'ati0!1 * is associative. Let a, b, c ¢ (3
iative property. I'h ’
Associative 1

ab ¥e= ((lb)c :a_bc..
(@xb)xc= ('Z‘ 16 16

1,(:) _ albe) _ abe
Similarly, ax(brc)=ax ( 4 16 16

Identity. To find the identity element, let us assume that e is 5 positive rea] nu" .
Then fora € G,

A’(.‘

ea =4
*a=a = -——=a or e
exa=q 1
Similarly, ax¥e=a
ae
= — =qa or e=4,
4

Thus, the identity an element in G is 4. | ‘ o
Inverse. Let us assume that a € G.Ifa" '€ Qis an Inverse of @, then q % -1 i

-1 16
aa 1
= = 4 or al= =
Similarly, a1+ a=4gives
s 16
= a ¢ =y or al=-"—,
4 .
Thus, the inverse of an element ¢ in G is E
a
Commutative. The operation * on G ig commutative,
Since, a*b=a~b=b~a=b*a
4 4

Thus, the al

gebraic system @G,
verse and commut

ative. Hence, the sy

. 1
Example 12. Let (Z, *) be an, algebraic structure, where 7 is the set of integers and the
operation * is defined byn+m= maximum (n, m ). Determine whether (Z, *) is @ monoid or

*) is closed, associative, has identity element, hasin
stem (G, *) is an abelian group.

8group or an abeliqn grou

Sol. Closure Property
We know that n * m = max,

(n,m)e 7 Vnme?7Z
Hence * is closed.

Associative property. Let ug assume q, b, c ¢ 7,
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x (b * ¢) = a* max. (b, ) = max. (a, max. (b €)) = max (a, b, ¢)
’ dx. (a, ; C

(a * b) * ¢ = max. (a, b, c)
\E o s
5 1 ﬂssocmtwe. .
fenc® ; vLef ¢ be the identity element. Then max. (a, e) =¢g
Identit}r. inimum element is the identity element.,

the

e, ~ i '
ffen® The inverse of any element does not exist. Since, t

he inverge does not exist

erse oup or abelian group but a monoj : —
N {%‘Ei;isﬂtlsz an(; (i)(lilgntity ’ oud as it satisfies the properties of
:{Num le 13. Let S=1{0, 1,2 3, 4,5 6, 7} and multiplication modulo 8, that is
i x®y =(xy) Mod 8
prove that ({0, 1.}, ®) is not a group.
(i:) [rite three distinct groups (G, ®) where G c Sand G has 2 elements.
5l () @ plos;re Ef)g)()perty. The set {0, 1} is closed under the operation ®, as shown
 table of operatmn( 1515
@ 0 1
0
1 0 1
Fig. 8.6

ot

(b) Associative property. The operation ® is associative. Let a, b, c € G, then we have
a@®b)®c=a®B®c) eg, 0R1N®1=0)®1=0
Similarly, ®OA®1D=0® 1) =0.
(c) Identity. The element 1 is the identity element as for every a € {0, 1}: We have
1®a=a=a® 1.

(d) Inverse, There must exist an inverse of every element a € {0, 1}, such that
a®a 1= |

But the inverse of element 0 does not exist.

Iherefore, since the inverse of every element a € {0, 1} does not exist. Hence ({0, 1}, ®)
group,

((i’) The three distinct groups (G, ®), where G c S and G has 2 elements is as follows
(01,3}, ) () (1,5, ®) © ({1, 7, ®).

|
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8.20. (a) COSETS (P.T.U. BTech, Des, sl

Consider an algebraic system (G, *), where # is a binary operation. Now, if (¢, + js,
croup and let @ be an element of G and H ¢ G, then
The left coset a * H of H is the set of elements such that
a*H={a*h:he H}.
Tne right coset H # a of H is the set of elements such that
H*xa={h*a:he H}.
The subset H is itself a left and right coset since e * H=H *e=H.
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P
' AN —_—
M l ILLUSTRATIVE EXAMPLES e

—

e 1. Let us consider a :g roup (G, %), where G is a set hap; ng
' T—=f11 . : Laan
l‘l\'“"ip ation- Also, let H 1t1s a subgroup of G. Determine

¢
) 7 . >
0P are only 2 left cosets t.e.,

’ Cl‘l(] g
(III t,'(’, l(,‘ft (;()SC&-) Of}j ln. (J.

,Ar ere
e |+ H=H={1)
0+ H={0}
9, Let (I, +) is a group, where I is the set of all intege ;
E'(ample H={w" 4,-2,0,2,4,6,8, ..} be the sub ‘Cg(,r's qnd +is an addition
dlet 8= LogToup consisting of multiples of

| gtiom ar
| :;\.-r].’ﬂ'ﬂ‘. allt
. gol. There e

he left cosets of Hin I.

two distinqt left cosets of H in L.
o+H={..,—-6,-4,-2,0,2,4,6,..}=H
1+H={..-5,-3,-1,1,38,5,7, ..}
o+H={..—4,-2,0,2,4,...}=H
3+H={.,-5-3-1,1,35,.}=1+H

Qo

There is DO other distinct left coset because any other left coset coincides with the cosets
gvel above.

Example 3. Let G = (1, +) be a group, where I'is the set of integers and +is an addition
eration, also let G, =l 14,-7,0,7, 14,21, ......} be a subgroup consisting of the muliiples
#7. Determine the cosets of G in L
Sol. The set I has 7 different cosets (left or right) of G, which are as shown below.

0+H={...—14,-7,0,7,14,21, ...}
1+H={...-13,-6,1,8,15,22, ..}
2+H={...—12,-5,2,9,16,23, ...}
3+H={...—11,-4,8,10,17,24, ...}
4+H={...—10,-3,4,11,18 25 ...}
5+H={...—9,—2512,19,26, ...}
6+H={...—8—1,86,13,20,27, ...}

T+H={...—14,—-17,0,7 14,21, ... y=H

osets shown above, hence we will not

All of .
it them her cosets coincides with any one of the ¢

The
tem L If b € q + H (left coset), then

a*H=bx H. Also, if b € H * a (right coset), Then Hxa=H*b

N x.CaseI'Letxe a * H, we show x € b*H
lso €a*H = there exists an element /1, € H such that x=a* hy
hthat b=a* hy

€
@*H = There exists an element h, € H suc

i
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DISCRETE g;
= ‘/’—I—:——f(‘l shy)*hy'=a (hy*hy)=axe=g
bxhy, = 4
= = h.2 . )
_(\1:=a «h, = (b * h.2"‘) * h.| =bx* (h,2 1 h’l)

|

e Hand His gubgroup of G

i 1+ h,e H
Singe by Ty deH and hy 1

" x=b* (112‘l *h)e b H
fonee vebxH

- a*Hcb+H .
Simi lv.if xe b* H, wecan ecasily show that x € a * H.
Similarly, if x e H

f—)

" axH=b*H :
from (lé al]dI(Iz)Let ve H¥a. Weshowxe H*b.Nowxe H¥a = Thepe eXists gy, i
ase . v M

hye H Asluchbtéxal_tI 1* 2 hl=*> "‘There exists an element h, € H such that b = hy* g
SO

hz_l * b= hz_l * (hz *a) = (hz—l = hg) *qa

_—

~ =e*xa=a

= = 112'1 * b

. . x=h1*a=hl*(h2"1*b)=(h1*h2-1)*b

'S.ince hy, h,€ Hand His a subgroup of G. . h;*h,le H

Hence x=(h;*h,)*be Hxb

= xe H*b :

= H+a cH=*b

Similarly, if x € H * b, we can easily show that xe H % ¢

= HxbcH#*a

Hence Hxa=H=xb

Theorem II. Let H be a subgroup of a group G. Then the right cosets Hq form a partj-
tion of G. Or

Any two right (left) cosets in a group G are either disjoint or equal. _
Proof. Let Ha and Hb be two right cosets and suppose Ha n Hb # ¢. We show Hy= b
Let x€e HoanHb = xe Hqg and xe Hb
X=ha and x= hyb for some h,, h,e H
h,a= h,b e Hb

h,a € Hb

Ha c Hp
SO hob = h,a € Ha

hyob € Ha

Hb c Hq
Hence Ha =Hp
Lagrange’s Theorem 1

2013)
(P.T.U. B.Tech. Dee. 2007, 2006, May 2006, May 2012éMay
Theorem IIL If G is a finite 8roup and H is a subgroup of G, then o(H)10(G)-
Proof. Since His a subgroup of a finite group G, .. H is also finite, say,

H= {hl’ ho, ... h,], where each h; is distinct.
We claim H and any coset Ha have the same number of elements.

U | T
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= {hla, ]}.2(1, s e h‘na}- We Clalm all h,ia,s are dqulan F 8
3 =Nn.qaQ k ) ¢
v h.;.a ]h ia rif,
1. =N.
I J
. F o . - I }{i ,ht « 1
. ince hjs are distinct. Thus, H and Hg haye same nllml’):r fc"’]nt:ellat,xon law
. ’ 3 N Al e 1atl “ . H0Le :
‘,“tf-"dl e finite - The number of distinct right cosetg of Hin G ig also fi “f'“‘mts-
( ‘ ) O aig ni ,Q, S¢
i Nob G=H H i "
y=Ha, UHa,u ..U Hak = U Ha
Ilot i = 1 [
o(@) = Number of elements in Ha, + number of alapm ts i
. +number of elements in Ha smeinfla + .
. K
=n+n+..kTimes = nj
n |o(G)
2 O(H) |0(G)

2
ence the Theorem.

H e of Lagrange’s theorem is however, not true Le., If o(H)| o(G). Then G

nvers
gohave a subgroup of order o(H).

: 4
Consider the alternating group A,. Here o(A,) = ) =12 and 6/ 12. But there is no

gheroup of A, whose order is 6. (see the topic “Symmetric Group” in this chapter)

21, INDEX OF A SUBGROUP

Let G be a group and H be a subgroup of G. Then the number of right (left) cosets of H
o Gis called the index of H in G. The index of H in G is denoted by [G : H].
o(G)
o(H)’
Proof. Proceeding in the same way as in the proof of Lagrange’s theorem, we have
o(G) = nk, where k 1s the number of distinct right cosets of Hin G

Theorem IV. If G is a finite group and H is a subgroup of G. Then [G: H] =

s (S
n o(H)
o(G
a [G:H] = ZEH;

Theorem V. Let G be a finite group of order n show that a™ = e for any element a € G.
(P.T.U. B.Tech. Dec. 2010)

f;oof. Let a € G has order m, thena™ =e
tHbe a subgroup of G, of order m. By Lagrange’s theorem,
o(H) | o(G)
m/in = n=mr,forsomer
A ) an - amr = (am)r foned er =e
Hence the Theorem.

(P.T.U. B. Tech. Dec. 2007)

12,
"ORMAL SUBGROUP
€ G, h (S Hy

A
K ghgjib%{r()u

h

P Hof a group G is called normal subgroup of G if for every &
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or
) v i enlled a normal subgroup of Giff for geQ
" 1 of a group G 1s ca g » W
A subgroup Ho gHgt=UvgeG
i Cthe on two by two invertible real matrjces (@ b |
Example 4. Let G be the group of riees ¢ d)ad
a 0 . " . Dr
caz0 . H is a normal subgroup of G. P m
0. Lc!H"‘[(O ﬂ) ‘ } Then 1 LU By Deg, o

Sol. We first show that His a subgroup of G.
Let hy hye H such that

0 a; 0
G el e

(a 0\(a; 0) _(aa; O
Now hlhz—(() a)(o a —( 0 aq e H |

i.c., H is closed under matrix multiplication. Further, For A € H,we have

a 0 a 0
A_(O a)’lA|_ 0 of =%
Also Ap=0,A,,=0,4=0,Ap=0a
T
A _f(a 0 _(a O
adJA‘(o a) "(0 a)
dGiA =0
E —1=a_‘]=._1_ a 0 ={a
ence A Al 02(0 a 1 €eH,az0
Q 2
Thus each element belonging to H has muitiplicative inverse. Her, ~zHisg subgroup of @
_(e b i
Further, For g= (c d) €eG h= (8 2) € H, Cons'der
_ ] d o
ghg‘1=(a b)(a 0)[& b 1= a b\fa 0)| ad-pe m\!
¢ d)\0 a)lc d ¢ d)\0 a)| -c ai‘
ad -bc  ad-be)
d -b ‘

2 2
, a“d-bac -a’b+ba*)
=(a ba) ad-bc ab-bec | ad-be od 5ol

e ad—cbc adcibc | cad - dac —cab+dab
ad - be ad-bc )
-| ad-be a 0
0 a (ad - bc) =(0 aJGH
ad — be

Hence H is a normal subgroup of G under matrix multiplication.

E : riv;’i""
xample 5. Let G be ¢ 8TOUP of two by two invertible real matrices (‘; g), r

under matrix multiplication. Let H= [(0 b): ab = 0]' Is H a normal subgroup of G ?.
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GROUPS 257
- show that H is a subgroup of G. Let A Be 1§ such that
goh " fa 0 _(a
A"(O b),ab#:O, B -~(0 )'“1 b, #0
_(a O) (al 0) B (aal |
. AB={g )0 )7 0 bb1) &4, | abayb, #0
oné ; A
@ Josed under multiplication of matrices
is C
7 b 1
-1 — 0 o
a 0 b S
purther for A€ H 0 b 0o 2| |o ab
ab }

< every clemen

Also, For§= c d

_(a b aOab_lz(ab
ghg——(c.d 0 b)le d o \C

d -b

ad - bc
-c a

a’ b®
=(ca db)

(a b) eG h= (g 2) € H, Consider

ad-be | _

d

t of H has multiplicative inverse. Thus H is a subgroup of G under

ad -bc ad-bc

d -b
0)| ad-bc ad-bc
0 b -c a
ad-bc ad-bc
a’d-b% -a’b+b%
ad - be ad - be
| cad -dbc - cab+dab 2
ad —be ad - be

Hence H is not a normal subgroup of G under matrix multiplication.
Example 6. Let G be the group of non-singular 2 X 2 matrices under matrix multiplica-
tio, Let H be the subset of G consisting of the lower triangular matrices i.e.; matrices of the

form (lcl 0) where ad # 0. Show that H is a subgroup of G, but not a normal subgroup.

d
Sol, Let A, B € H such that

_(a1 0 =(az 0
A (cl dl)’ B ¢z dy
o_(a@ 0)fag O
AB= (Cl dl] ("2 d2)

[ alar) G
= iy 7 eH
Claz + alcg aldz

s closed under matrix multiplication.

Consider

Al
80 for any M € H, we have M = (Z ‘ 2)

s
i IM | =

h

a O
c d

I = ad # 0 (given)

)

‘_—#
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258 2I9CRETE sy,

10 ) . ) ) ,ii
. . 1 is the identity of H. .
M- exists. Further ( o 1 )€ Histheidentity of H. Hence, 18 g Subgrgy,
But H is not a normal subgroup of G.

Since, for example,

1 8 10
Take g={13)¢& ”'=(1 1)61‘1
1 0Y(1 2)"

1 1)1 3

10 3 -2

1 1){-1 1

Consider ghg™ =

Example 7. Let G be the group of non-singular 2 x 2 matrices un

tion. Let H be a subset of G consisting of matrices with determinant 1.8

der matriy multipl'
Subgroup Of G'

how that K is o normal

10 :
Sol. We know that if I = (0 1, then

detM=1 .. Te H.ie, Hhasan identity.
LetA,Be H = det (A)=1, det(B)=1
Now, det (AB) = (det A) (detB) =1.1=1

= ABeH L.e., His closed under matrix multiplication. Let Ac H = det(4)
Further, det(A) = 1/det(d) = 1/1 =1
A7le H. ie, Hhasan inverse,
H is a subgroup of G.
Let X € Gand A € Hsuch thatdet A=1

Consider  det (XA X-1) = det (X) det (A) det (X1

1
det (X)

=detX).1.

XAX'e HforallXe G
H is a normal subgroup of G.

=1

Example 8. Every subgroup of an abelian group is normal. ‘ .
Sol. Let H be a subgroup of a normal group G. We show H is norm
g € G. Consider

]. Let h € Hand
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| AND 1= gl b hted
',0N0|95 ghg” ) egf_ he HcG = heg

heH Also h, g € G ang
1-— 1 E since G is abelian
ghg' € H. hgl=glp
2 js & pormal subgroup of G.
Hence’ VL Let Hbea subgroup and K be a normal subgroup of a group G. Show that
Theor:oup of G | | o (P.T.U. B.Tech. Dec. 2013)
(i qubg We show that (i) HK is closed under multiplication
H PrOO ) c HK we ShOllld have x_l e HK
. g 4
(i) For-
e HK
(iii) ¢ € e HK =  &=hyky,y=hyky where hy, hyc H; k), kye K
Let L xy = h’l kl h2 k2 = hl hz(hz—l kl h2)k2 € HK
Consider |

Lot hzeH = h,leHcG = hyle G
gince Kis a normal subgroup of G, and &, € K,
h, 'k hy€ K
(hyt oy hy) kg € K
h, hy (hy L ky ho) ko € HK
'i‘hus HK is closed under multiplication.
Further, For x € HK, we have
w1 = (hy k)t =k Ryt =R g Ry R
leth,e HCG = hleG.AlsokleKT '
= k1teK
Since K is a normal subgroup of G
. h kth1eK
= hyt (hy k) byt e HK ]

=

=

Thus x1e HK.
Finally, ccHeecK = e.ee HK = ee HK
Thus HK is a subgroup of G.

. Gi
Theorem VII. Let H is subgroup of a group G. Then H is a normal subgroup of ff

aH=HaVac G
Proof. Let H is a normal subgroup of G. Then for a € G, we have

aHa'=H
® (@H a)a = Ha
2 aH(a"' a) = Ha
&
& aH e=Ha
T abl =i 1 subgroups of G is a normal

e ) orma
Subgroup O(I:I;m VIIL The intersection of any number of n
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112.(b) CYCLIC GROUP

Agroup whose all elements are integral powers of one or more elements is called cyclic.
Remark, The order of a generator of the cyclic subgroup is equal to the order of the group.
“8, L= [Z,5; +,,] is a cyclic subgroup.

ol Z.,={0,1,2, ... 11, +,.
COnSIder 5 — 5
5+,5=10
5 Dt 5+,5=3
5+ 5+]25+12 d+,56=38
122+, 5+ 5+, 5=25=1 etc. B
= 2 7. Thus 5 1s a
b u . € L.
Hllrg, sf‘;e see that every element of Z,, is of the form on for some n |
H . QG : R f5is7(5+L7:O:
m&refo ence_ [le> +,,] is a cyclic subgroup with 5 as gener ator. Since inverse 0 19

X’a 'Salso g generator. (theorem X below?

So] r;lple 9. The group of integers Z is cyclic un
\s ) = 0, i

'Sthe { 1’ t Z,Ii—gi }

1+1=2

der addition.
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262 ‘
141+ ] =0
1+ Li,li/l = n clc
7 ¢ 7 is of the form n(1). Thus 7 ig ¢y; 3
fhﬂi every (!](‘,m(}l\f. ol 44+ 18 s 7 is (,yc]l(: grou
o see that A 3
Thus W€ ¥ - .
=<~-17 ' ' '.
g=<1>A WX Ifaisa generator of @ eyelic group G, ) that inver, ol
Theorem < ]
generator- Let G = <a> je., Gisa eyclic group and a is its generator, [ ot e
B . ot G = <a= it ! e g
ERRts g =a’ for some "€ 7 , th
k y=-—g, 8€ b we have
fake g=a?t= (a~')* for some s € 7

v element g € G is of the form (a™')*. Hence a™' is a generator

. cyclic group is abelian. (P.T.U. B. Tech. May 200 ) 1

lic group with a as its generator. i.e., let G = <> and,g a7 2005
1€ G0

Thus ever
Theorem XI. Every

Proof. Let G be a cyc
Then g, = a’ for some r € Z
Let g, € G, then g, = a’ for some § € Z

Consider g -8 =0
= at'" |r+s:s+raszisa‘
2112

=a.a" =8,-8

r as= ar+s

= G is abelian.
Theorem XII. Every subgroup of a cyclic group is cyclic.
(P.T.U. B.Tech. Dec. 200g

Proof. Let G = <a> i.e., G is a cyclic group with a as its generator. Let H be a subgry

of G.
Case L. If H = {¢}, then H = <e>i.e., H is a cyclic group with e as a generator.

Case II. If H # [¢], then o(H) > 2 i.e., there existse#a € H. ;
Since H is a subgroup, it must be closed under inverses and so contains positive
of a. Let m is the smallest power of a such that a™ € H. We claim b = a™ is a generator of H.1¢

xre HButHcG .. xeG.
Since G is a cyclic group G with a as its generator. . x= a" for some n € Z.

Dividing n by m, we get a quotient g and remainder r. i.e.,
n=mq+r,0<r<m
Now a*=g™*r=qg™  a"=b?.0a"
= a’=b"1.a".
Here a*, b € H and since H is a subgroup
But m was the least positive integer of a such that a
We must have r =0

b4 " € H which means a el
m ¢ Handr<m

Hence a™ = b¥ for some q € Z 7
: €
= x=a"=bl ie. everyelement x € H is of the form b for some d
H is cyclic. of G. e (1, B7

Theorem XIIL If G is a cyclic group of order n and a is @ generator it

on
s the greatest comm

Then the order of the cyclic group generated by ka is g— where d U

of n and k.
Proof, Proof of this theorem is beyond the scope.

Example 10. Find the order of the cyclic subgroup

generated by ] ginZsr
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UPS
, is a generator of Z,,. Also 18 = '
j D g 30 - 18 ) =
# s }t\;t i " visor of (1, 1) = (30, 18) = 6 = d(l) e, k=18, a=1,n =30
507 peat™” ¢ |
Tlxﬂg qorof cyclic subgroup gencrated by 18 = 2 =
g "~ 9 (Theorem XIII)

he 0 ;
. T y. Every group of prime order is cyclic,
pe a group of order p, p is prime. It meang (§
' . 4 - 8 (X ¢ U a1 ’

ook "o is the least pos1t}ve integer which is prime i.e. i frzl:t(?o:hmm a ].e a('qt o
it and Hbea cyclic subgroup of G generated by,a the "o them ofa) 2 %

n 0((1) H) = o(a)=m ) n

A o | The order of a cyclic group is equal t .
75 theorem, qual to the order of its generator

' o1 4
’I'l’(’ol Let G

rang
Als0 By Lagt oH) | oG) = m | p
p=1l or p=m
2 pzl o p=m
put o(H)=0(G) = H=G.
2 LGS cyclic since His cyclic.
gﬁeorem Let G is a cyclic group of order p (p is prime). Show that G has no proper
ept G and {e}.

,.-ubg"’"pf) Zf. Let Gis a cyclic group of order p. -
E:t H be any subgroup of G and o(H) = m.
py Lagrange theorem, o(H) | o(G) = m|p
S p=1 or p=m
But . p;él..'. p=m
L oB=m= p = H is a group of prime order and hence cyclic. Also o(G) =m
e G = H i.e. G has no proper subgroups.
oup generated by a. Let G be any group and a € G. Define a® =e; the

il'emark. Cyclic subgr
denoted by <a>, where < a > denotes the set of all powers of a, is defined

elic subgroup generated by a, :
={"""! a—Z, a—l’ e, a, a2’ ac, ... }
<g> contains the identity element e, closed under group operation, contains inverses.

. <g>is a subgroup of G and is called the cyclic subgroup generated by a.
Example 11. Consider the group G={1,23405 6 under multiplication modulo 7.

(a) Find the multiplication table of G

(b) Find 277, 31, 67

(c) Find the orders and subgroups gener
@Is G eyclic ?

Sol. (a) By definition, a X, b = The remainde
Foreg, 5 x,6=30=2 (when 30 is divided by

by %4

ated by 2and 3
(P.T.U. B.Tech. Dec. 2013)

r when ab 1s divided by 7
7, the remainder is 2)

The multiplication table is shown pelow Table 8.10
Table 8.10

T

7 1 9 3 4 5 6
I ]

1 1 2 3 4 5 6

2 2 4 6 1 3 5

3 3 6 .2 5 1 4

5 5 3 1 6 4 2

6 6 5 4 3 2 1
| - 1 R
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264 tity element of Gis 1. (As the €1s 1dentlcal Wi
ident1ty '

: the intersection of 2 .
most TOW): o-1 = 4 (In the table, and 4 ig 1y

g=D

gr;)up generated by 2 = {1, 2, 4}

ﬁence <> = The sub

Also 3x,3=9=2,
3x73x73=27_=_6
3x73x73x73f81——45
3x73x73x73x73:243:
x. 9 X, 3X 3X73—729—1
8% 3% 5 0(3)=6. .. The group generated by 3 ig
o <3>={1,28,4,5,6}=G
(d) Since 0(3) =6 = o(G) = Giscyclic. Recall that a grouy G ig cyclicif thepg ...
clement a € G such that o(a) = o(G). e Xistsqy
Example 12. Let G =[1, 5, 7, 11] under multiplication mody], 12,
(a) Find the multiplication table of G
(b) Find the order of each element
(c) Is G cyclic ? |
Sol. (@) We know a %, b = The remainder when the product g} is
Le., 5%, 7=35=11 etc. '
The muitiplication table is shown below (Table 8.11)
Table 8.11

divided by 19

—id e

X

1
5
7
11 . 1

) = 11
1 1. "
11 1 5

= -3 Ol

12 : 3 7 11 T
B

: Vi 5 1
(b) Order (1) = 1 (since 1 is the identity element)
To find order of 5. 5 X190=25=1 '

S o(5) =2

To find order of 7.7 X127=49=1
o(7)=2

8 11x1211=121=1

@ We k o(11) =2

o(@) = o(G). 8i oow that a group G is cyclic if there exists an element @ €
- olnce o(1) = 1, o(5) = 2, o(7) =2, o(11)= 2 ie.,

There is ng ee
h ment of G w =
is not cyclie hose order =4 . |

Example 13, Cppei
) - Consider ¢
(@) Find the m orthe

(b) Prove thqt

To find order of 11,

G such that

. dulo7'
; group G ={1, 2, 3, 4, 5, 6} under multiplication MOE
ult'Lplication table of G
Gisa 8roup
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1
. d ()‘I. 1?-1) ("
pnd = orders and subgroups generated by 2 and 3
¢ orde .

) e i LB ;

Fmd li ? Ju,s[.rfy your answer (P.T.U. BT

v’l‘c' by § S 'I']-J«. 3 €
roceed yourself as in above example 12, weeit, Dec/ 2009)

50" 124, ¢ 156" =0

g7 h Y gy <3>={1,2,34.5.6)
D 4‘2 /C " B) = 6= O(G) = G is CyCliC.
© §in¢ ’c 14, Let G be a reduced residue system modulo 15say, G={1,2,4,7, 8,11, 13
oup under multiplication modulo 15 P DB S

ultiplication table of G.

S (R o1 7-1’11—1_

1
‘o gr

)

’ na ,

(b; Find the orders and subgroups generated by 2, 7 and 11.

¢ .

(d) pGoeic? :

(S 1. () The multiplication of G is shown below (Table 8.12):

o Table 8.12

N
— | 1 2 4 7 8 11 13 14
[ R
— | 1 2 4 7 8 11 13 14

9 2 4 8 14 1 7 11 13
4 4 8 1 13 2 14 7 11
7 7 14 13 4 11 2 1 8
g 8 1 2 11 4 13 14 7
1 11 7 14 2 13 1 8 4
13 13 11 7 1 14 8 4 2
14 14 13 11 8 7 4 2 1

() From the table, 2 X ;5 8=1 i.e., 8istheinverse of 2. Hence 271 =8

Also, 7% ,13=1=13 is the inverse of 7. Hence 7-1=13

1. Hence 1i=l="11.

Further 11x,11=1 — 11 is the inverse of 1
() () Wehave 2% ,.2=4
2% ;2% ;2=8
2% .2 x152x152=1
; order of 2 =0(2) = 4
he group generated by 2 is given by
. <2>=1{20 21, 22 2% =(1, 2,4, 8}
(ii) We have Tx 7=4
TX (1% 1 T=4% ;7=13
. 7X157X§,7x157=13x]57=1
The order of 7=0(7) = 4
group generated by 7 is given by
@11x g0y o (70, 71, 7%, 7% = {1, 7, 4, 18}
The Sub15 =1 . orderofll=0(11)=2
| group generated by 11 is
@ The <11>={11° 111} ={1, 11}

O(G)gfoélp G is cyclic if 3 an element whose or

der equals to the order of G. Here
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But we have proved that

2"152X152x152=1 so0(2)=
AX 4= Soo0d)=9
Txye 7% 7% 751 Soo(T)y =9
8.\<”‘8=(M—4
8 X ‘8‘(”‘8:"—4\(”_8:2
8 X 58x158><158=2><",8=’ 0(8) = 4
]_1)(1511: S 0(11):2
Also, ].3><1513=4
13X1513>< 13-4><]513"7
13x1513x1513><1513 7% (13 = 1 . o(18) =4
14X1514_1 K3 0(14)_2

Hence, there is no element a € G such that o(a) = o(G) = 8
G is not cyclic.

8.25. MORPHISMS

The word ‘morphism’ is a combination of various terms like, p,
isomorphism, actomorphism, endomorphism etc.

8.25.1. Group Homomorphism

Omorphigy,

A mapping ¢ from a group (G,.). into a group (G, ™) is sa1d to bea group hOmomoer}’usm ;
mir

da.b)=0@ *06(b) VabeG
8.25.2. Group Isomorphism (P.T.U. B. Tech. Dec. 20‘0‘i

‘,H‘
A homomorphism ¢ which is one-one and onto is called isomorphism and the groups‘:

and G’ are called isomorphic, written as G= G'.
A homomorphism which is onto is called epimorphism .
A homomorphism which is one-one is called monomorphism.
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